We derive the structural relations between nested harmonic sums and the corresponding Mellin transforms of Nielsen integrals and harmonic polylogarithms at weight w = 6. They emerge in the calculations of massless single-scale quantities in QED and QCD, such as anomalous dimensions and Wilson coefficients, to 3-and 4-loop order. We consider the set of the multiple harmonic sums at weight six without index {−1}. This restriction is sufficient for all known physical cases. The structural relations supplement the algebraic relations, due to the shuffle product between harmonic sums, studied earlier. The original amount of 486 possible harmonic sums contributing at weight w = 6 reduces to 99 sums with no index {−1}. Algebraic and structural relations lead to a further reduction to 20 basic functions. These functions supplement the set of 15 basic functions up to weight w = 5 derived formerly. We line out an algorithm to obtain the analytic representation of the basic sums in the complex plane.
Introduction
Inclusive and semi-inclusive scattering cross sections in Quantum Field Theories as Quantum Electrodynamics (QED) and Quantum Chromodynamics (QCD) at higher loop order can be expressed in terms special classes of fundamental numbers and functions. Zero scale quantities, like the loop-expansion coefficients for renormalized couplings and masses in massless filed theories, are given by special numbers, which are the multiple ζ-values [1, 2] in the known orders. At higher orders and in the massive case other quantities more will contribute [3] . The next class of interest are the single scale quantities to which the anomalous dimensions and Wilson coefficients do belong [4] [5] [6] , likewise other hard scattering cross sections being differential in one variable z =L/L given by the ratio of two Lorentz invariants with support z ∈ [0, 1]. A natural way to study these quantities consists in representing them in Mellin-space performing the integral transform
In the light-cone expansion [7] these quantities naturally emerge as moments for physical reasons with N ∈ N. Their mathematical representation is obtained in terms of nested harmonic sums [8] [9] [10] 2) which form a unified language. This is the main reason to adopt this prescription also for other quantities of this kind. The harmonic sums lead to the multiple ζ-values in the limit N → ∞ for b = 1. In the latter case the harmonic sums diverge. 2 To obtain a representation which is as compact as possible we seek to find all relations between the harmonic sums. There are two classes of relations : i) the algebraic relations, cf. [11] . They are due to the index set of the harmonic sums only and result from their quasi-shuffle algebra [12] . ii) the structural relations. These relations depend on the other properties of the harmonic sums. One sub-class refers to relations being obtained considering harmonic sums at N and integer multiples or fractions of N, which leads to a continuation of N ∈ Q. Harmonic sums can be represented in terms of Mellin-integrals of harmonic polylogarithms H a (z) weighted by 1/(1 ± z) [13] , which belong to the Poincaré-iterated integrals [14] . 3 The Mellin integrals are valid for N ∈ R, N ≥ N 0 . From these representations integration-by-parts relations can be derived. Furthermore, there is a large number of differentiation relations
We analyzed a wide class of physical single scale massless processes and those containing a single mass scale at two-and three loops [4] [5] [6] in the past, which led to the same set of basic harmonic sums and, related to it, basic Mellin transforms. Like in the case of zero scale quantities, this points to a unique representation, which is widely process independent and rather related to the contributing Feynman integrals only. The representation in terms of harmonic sums is usually more compact than a corresponding representation by harmonic polylogarithms, since i) Mellin convolutions emerge as simple products; ii) harmonic polylogarithms are multiple integrals, which are usually not reduced to more compact analytic representations. The latter requires to solve (part of) these integrals analytically. In the case of harmonic sums the analytic continuation of their argument N to complex values has to be performed to apply them in physics problems. As lined out in Ref. [16] [17] [18] this is possible since harmonic sums can be represented in terms of factorial series [19] up to known algebraic terms. Harmonic sums turn out to be meromorphic functions with single poles at the non-positive integers. One may derive their asymptotic representation analytically and they obey recursion relations for complex arguments N. Due to this their unique representation is given in the complex plane.
In the present paper we derive the structural relations of the weight w = 6 harmonic sums extending earlier work on the structural relations of harmonic sums up to weight w = 5 [18] . The paper is organized as follows. In Sections 2-6 we derive the structural relations of the harmonic sums of weight w = 6 of depth 2 to 6 for the harmonic sums not containing the index {−1}. The restriction to this class of functions is valid in the massless case at least to three-loop order and the massive case to two-loop order. In Section 7 we summarize the set of basic functions chosen. The principal method to derive the analytic continuation of the harmonic sums to complex values of N is outlined in Section 8 in an example. Section 9 contains the conclusions. Some useful integrals are summarized in the appendix.
Twofold Sums
The following w = 6 two-fold sums occur : S ±5,1 (N), S ±4,±2 (N), S −3,3 (N) and S 3,3 (N), S −3,−3 (N). The latter sums are related to single harmonic sums through Euler's relation.
with a ∧ b = sign(a) · sign(b)(|a| + |b|). For the former six sums we only consider the algebraically irreducible cases. In Ref. [18] the basic functions, which determine the harmonic sums without index {−1} through their Mellin transform, up to w = 5 were found :
In the following we determine the corresponding basic functions for w = 6. In case of the double sums we show that they all can be related to
up to derivatives of basic functions of lower degree and polynomials of known harmonic sums. The representation of S ±5,1 (N) read : (2.10) and
being one of the basic constants at weight w = 6. For the determination of the constants in the alternating case we use the tables associated to Ref. [10] . To express one of the sums given below we also give a second representation of S −5,1 (N),
The other two-fold sums are
(2.14)
In the above relations Nielsen integrals, [20] , given by
occur. The corresponding functions S 1,k (1 − x) are given by In some of the harmonic sums Mellin transforms of the type 22) contribute. For odd values of k = 2l + 1 the harmonic sums S 1,−(k−1) (N), S −(k−1),1 (N) and S −l,−l (N) allow to substitute the Mellin transforms of these functions in terms of Mellin transforms of basic functions and derivatives thereof.
For even values of k this argument applies to
In the latter case one may use the relation
Since in massless quantum field-theoretic calculations both denominators occur, one may apply this decomposition based on the first two cyclotomic polynomials, cf. [21] , and the relation between Li k (x 2 ) and Li k (±x), [22] . The corresponding Mellin transforms also require halfinteger arguments. In more general situations other cyclotomic polynomials might emerge. The relation
The corresponding relations for
In the case of w = 6 these relations do not lead to a further reduction of basic functions but are required at lower weights, cf. [18] .
Threefold Sums
The triple sums are : (2) 
There emerge numerator functions, which do not belong to the class of Nielsen integrals 4 ,
As seen in Eqs. (3.27) , (A 1 (x)/(x − 1)) + is not a basic function since its Mellin transform reduces to single harmonic sums and known Mellin transforms algebraically. Furthermore, some numerator functions are given by harmonic polylogarithms H a 1 ,... ,a k (x), a i ∈ {−1, 0, +1}, which cannot be reduced significantly further. Harmonic polylogarithms are Poincaré-iterated integrals [14] over the alphabet [13] , with
and
Fourfold Sums
The quadruple-index sums are : 
Here, the harmonic polylogarithm H 0,−1,0,1,1 (x) is given by
We tested the above sum-relations containing harmonic polylogarithms in the Mellin transforms numerically using the code of Ref. [23] .
Fivefold Sums
Two 5-fold sums contribute :
All other sums can be traced back to these sums using algebraic relations [11] . The other Mellin transforms emerging in their representation were all calculated in Refs. [9, 18] before.
Sixfold Sums
Only one sixfold sum contributes at w = 6, S 1,1,1,1,1,1 (N) . This sum is completely reducible into a polynomial of single harmonic sums, cf. [9] , 
The Basic Functions
In the following we summarize the basic functions the Mellin transforms of which represents the harmonic sums up to weight w = 6 without those carrying an index {−1}. The corresponding sums of lower weight were determined in Refs. [8, 18, 24] . The new 20 functions are given by
and extend the set Eqs. (2.2-2.6) . The algebraic relations allow to express the initial set of 99 functions by 30 functions and the structural relations reduce the basis further to 20 functions.
Complex Analysis of Harmonic Sums
The anomalous dimensions and Wilson coefficients expressed in Mellin space allow simple representations of the scale evolution of single-scale observables, which are given by ordinary differential equations. The experimental measurement of the observables requires the representation in z-space. Therefore, one has to perform the analytic continuation of harmonic sums to complex values of N. Precise numerical representations for the analytic continuation of the basic functions up to weight w = 5 were derived in [25] based on the MINIMAX-method [26] . One may even obtain corresponding representations for quite general functions Φ(z), z ∈ [0, 1], as worked out for the heavy flavor Wilson coefficients to 2-loop order in [27] .
5 For other effective parameterizations see [28] .
Here we aim on an exact representations. The inverse Mellin transforms are obtained by a contour integral around the singularities of the respective functions in the complex plane.
We traced back all the harmonic sums to Mellin transforms of basic functions f i (z),
Eqs. (8.1) imply the recursion relations
2)
3)
The remaining integrals are simpler Mellin transforms, which correspond to harmonic sums of lower weight.
If the functions f i (z)/(z − 1), f i (z)/(z + 1) are analytic at z = 1 the Mellin transforms (8.1) can be represented in terms of factorial series [19] . Not all basic functions chosen above have this property. A corresponding analytic relation replacing
always exists. The additional terms are lower weight functions in N or are related to these by differentiation. We use this representation and consider the factorial series. Due to this both the pole-structure and the asymptotic relation for |N| → ∞ are known. 6 . The poles are located at the integers below a fixed value N 0 . The recursion relations (8.1) are used to express the respective harmonic sums at any value N ∈ C except the poles.
Let us illustrate this representation in an example for the harmonic sum S 2,1,1,1,1 (N). The corresponding basic function is
The recursion relation is given by 6) with
cf. [33] . The numerator function possesses a branch-point at z = 1. The contributions related to terms ln k (1 − z)/(z ± 1) contained have to be subtracted explicitely due to there logarithmic growth (to a power) for |N| → ∞. This is either possible using the relation S 1,4 (z) to Li 5 (1 − z) 8.8) or considering harmonic sums, which are algebraic equivalent to the above and are related to a basic function which is regular at z → 1. We will follow the latter way and use the algebraic relations [11] to express S 2,1,1,1,1 (N) afterwards, 6 In [30] asymptotic relations for non-alternating harmonic sums to low orders in 1/N k were derived. Our algorithm given below is free of these restrictions. The main ideas were presented in January 2004 [31] , see also [32] .
the Mellin transforms can be determined analytically. The basic Mellin transforms are thus generalizations of Euler's ψ-function and their derivatives, which describe the single harmonic sums.
Appendix A: Useful Integrals
In this appendix we list useful constants and integrals. (10.23) 
